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XL. Methodus inveniendi Lineas Curvas ex proprietatibus Varia* 
iionis Curvature. AuSiore Nicolao Lan-derbecky Mather* 
Profejf. in Acad, Upfalienfi AdjunSio. Commumcated by Nevil 
Mafkelyne, B, JD. F. R. S* and AJironomer Royal* 



Read July i $ 1784. 

PARS SECOND A*. 

CURV'AS, ex proprietate variationis curvature invenire, 
indice per fun&ionem coordinatarum cujufdam expreflb> 
problema etfi indeterminatum eft ; juvat tamen ad curvas cog- 
nofcendas, quum facile et fponte fefe offerunt conditiones deter- 
minantes qui rei conveniunt et qua. In cafu quovis exammi fob* 
je£to locum habent. Quo confilio et qua arte calculum inire 
oporteat f ut et h-aec et his affinia peragenda fint, quae ad curvas 
ex curvature variatione cognofcendas pertineant, per theorem'ata 
quae fequuntur^ exponere conabor* 

theorema i. (Vide tab. XXL fig. 2.) 

Si curvae cujufdam LC Index variationis curvature fit T\ 
radius curvedlms R, finus angull BCD p 9 pofito finu toto 1, 

arcus curvae LC % coordinatae perpendiculares x et y earumque 

fluxiones dp- 7 d% 7 dx% et dy dicantur, efit j-^-~zz--~- — - "■— * 






Quoniam dx'zz - Rdp et d% =*= - —~^r habetur — 3= ^. -^k_ 

* Sec Vol. LXXIIL p, 456, 

Q q q 3 et 
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et quum JR — Tdz cntK==j Tdz et fubftitutione 






Con 1. Hinc obtinetur -^ =s ~>dp« -£ = ^— £== et _ 

R r * R vl-^* R 




£br* z. Si Tan gens anguli BCD per r y Secans per s defignen* 

t * . /fe dr . d% ds 

tur habetur — — ss « et ~ — — — ~~~~=z: .. 

Schoh 1. Ex hoc theoremate facilis deducitur method us gene- 
raliter calculandi variationem- curvaturas curvae cujufcumque.. 

Nam f Tdz =z - JL^I—L. 9 quantitas vera, ^—plL. datur, data 

^^>"°~°~™" ^ 

Inter # et jy relatione* Sit valor quantitatis - -JL~Lr£ ~ Z funo 

tibni' curvas % r jT'dz ~ Z et furatis fiuxionibus 1W% =r Zdk qua 

T— Z fundfcioni ipfius %. Si valor quantitatis — »^~L. — p per. 

j& expreffus, enijTdz—V fumtifque fiuxionibus 'Tdfe — P^ et 

T — -— 5 quae £un£Ho eft quantitatis p 9 in poteftate femper eft 

— per j£ exprimere* 

Scho'l. 2. Hujus etiam theorematis- fubfidio inveniri pofllint 

curvas ex data relatione inter T et %, R et z, R ety 9 et R et j^ 

Si'enim fit T =rZ fun&ioni quantitatis z % enijTdz ^J Zdz + A, 

« j • d% . / #& \ dp . • . 

vi theorematis — • ( — ~ — --] — —• -7====- et integrations 

Jzdz + A J Tdz J V i-t ° 

-fCa - -y-J^ . Polita /% — ~ — + C= £' et 1ST nu- 




'Z*fe + A V / i— f J J/Zm + h 
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merus cujus loganthmus hyperbolicus 1 nabetur ^/i ~p zz 

* — r^ -— ■ et p=* - . — , quae funchones funt 

quantitatis #, quibus pofitisZ etvi ~Z a refpe£tive proveniunt 

*(» fdz^T^f) = /Z& et^(~ fpdz)~fd%sji - Z* 
quarum alterutra curvarum indoles innotefcit. 

Si : R=:X fun&ioni abfciffib a? provenit — (=r£f)= -^ et 
Integratione X ( = C -J ^- ) =p un de v/i-/=Vi- X* et 
y (= / ^3=i-y = / 'y=f xc P^ i0 curvas indolenxexprimens»> 

Et fi R = Y fun£tioni ordinate jk ? habetur J! ( = i]=- 
-^==5 et Integratione Y ( ^J^~ + C)- =r s/T^f, unde ^ =3 

Vi- x etAr^^ • - ""/"'J -y==^qudd exprimit natu- 

ram curvse. 

Hinc colligitur quod quoties TV* per£e£te integretur et 




d% 



obtineatur per arcus circulates dum zut jZdz aut 



J Zdz -f - A 

* . 1 .. ■ ■ n ..— ■ ■ » "—I I » ■■ I ' HM 

J d% V 1 - Z a abfolutam admittat integrationem, curvae erunfe 
re&ificabiles, et algebraicae, fi relatio inter x et % vel inters et % 
in relationem algebraicam inter x. ety permutari poffit* 

Evidens etiam. eft quod fi X fun&io eft algebraica quantitatis x; 

vel Y quantitatis y 9 et non fblum — vel. ^ fed 1 etiam 

1 . t 

— 7 It;--- vel — /===: quantitates perfe&e integrabiles, curvse eva«- 

"i-X* ^ V i-Y a 



dmit. algebraicae, alias tranfcehdentes.. 

Exempli 



4 : 8o Methodus invenkndi Ltyeas Cur v as 

ExempL i. Invenienda fit curva ubi variatio curvaturse T^ 



gfMil!^^, ut fimpllcior reddatttr calculus potiatuif 

a 1 \/Ba -f 272] 7 — 4^ T 



I Qf3 



•ctfrdz^^^^^hi fit conftans haec- 'A = ^ quod* 

accidit evaneicente y Tdzu == ^ habetur per thedrema 

.^ Tr _™..( — ^^i ). =-. _ ^^ et integratione / — 7=^=- + C == — 

/ — tJ~, cujus acquationis termini quum fint arcus circulares 

quorum finus-'v/T^^rr -w~lj£ e t cofinus / = -"prp pofito arcu 
• conftanti C = o. f obtinetUr 3? {=f*pd%) = /~ — - + B) 
_— ^~ — - nam B = -~— f poiita y = o et # = 40, atque a?(s: 

fdz^T^)-/^^—^^^^ q^bus gequationibus ex- 

terminata # et fubftituta * habetur y « ^ aequatlo pro parabola 
cubica. 

ExempL %* Si fit variatio curvature T = — entf'Tdz («: 

/**!!*? )=^.+AetfiZ = ofTd% m a cut conftans Azza, atque 

■ vi theorematis ^2 ( ~ ~ r ) =? - ' ~~JL| et integratione 

Pjf!l^ + Czz - P--—^; pofito arcu conftanti C==o caeteri 
funt aequales eorumque finus et cofinus, unde v/17/s 



ex proprktatibus Vanuitonh Curvature. 
pdz)^:~^== 9 quibus conftat curvam efle catenariam. 
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ExempL 3. Sit variatio curvature T =: — —^—^ evadit fTdz 



zz s/zaz — ^ , per theorema — r=r=r ( = — — - y =: - — -£— et 

per integrationem P-jJJL^^ + C- - P—JL^, fi arcus ille 
eonftans C = o r caeteri funt aequales eorumque finus et cofinus, 






i* " 1 ■' ■ » . n .'pi 

a 



sequatio pro cyclolde ordinaria- 



T H £' "O K E M A II' 



Manentlbus an tea adhibitis denominatlonlbus erlt ~^^— , 



.2 






Quoniam -*= ~4^ er ^ dividendb per %/i «-/>% __ 

= -7%=i * Propter 1 r. y/T^fw CD (R) : CF zr R%/T^J\ 
fed dz : dx iiTd% i:Tdx r qjiaer fiuxio eft ipfius DE, quare 
DE~J^Tdx 9 unde CF =* jy + ftdx qua pro R\/i ~-/ 2 fubftl- 

-^ *. i*±. dx dp 

tuta, prodit « * — - =s- — -7== 

y + JTdx -*i~p' 

Cor.. 1. Quantitas ^+-TW# femper eft perfe£te integrabilis* 
NamT^z-^^ et^/y =■-==■ unde A + T^^-i 



— » 



ddx*Si — p % ^ . . t /Vr-»7 dxY-i—p 

^ — £- et Integra tione jy + j Idw =:• — -—-rp 






a-* 



4'8 % Meihodm htvenkndi Lamas Curvas 

Cot, 2. Dicatur femichorda curvaturae CF F, obtinetur 

C<?r, 3. SI Tangens anguli BCD per r, Secans per jdefignea- 
tor habetur — r- — - — — 7x7 et " — 7Z*""~~~* "" TTT^ • 

iSdra/. 1 . Per hoc theorerna via etiam patet calculandi gene* 
talker variationem curvature. Eft enim y + jTdx — -~ 

z^LJlZL.^ quantitas vero ~ — - datur data inter x et p rela- 

tione. Sit valor quantitatis - — J - = X fun&ioni abfciffae x 
jequatione ad curvam inventus, entjTdx =X~y et fumtis 
fiuxiombusTdxzz'kdx-dy, quaT==X-^ubi tam X quam 

— funt fun&iones abfciffae x. Si valor quantitatis - *~ p 

uX a F 

*=P per^> expreffus* sxxtfTdx — V-y fumtifque fluxionibus 
Tdx = Vdp-dy, qua T = ^ - -p==; ubi ^ fun&io eft quan- 
titatis p, nam -/ per p exprimi poteft. 

uX 

SchoL 2. Hoc adhibito theoremate inveniri etiam poflunt 
curvae, ex data relatione inter T et x f F et x, F ety, F et % f 
et F et p. Pofita enim T fundione quantitatis x 9 patet per 
curvarum quadraturas, aut perfedam aut imperfedam quanti- 
tatis Tdx obtineri integrationem. Sit J Tdx = X + J Xdx 

fundioni vel algebraicae vel ex parte tranfcendenti ipfius x 9 

/n 
Xdx capiatur, 

ifque ejus indolis \xtj X+Xdx, vei quod idem cHy+jTdx — 

3 x+. 
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1<M> l »«IH n 



/* "1 I' 

,X + J % + Xdx integratione abfoluta habeatur* permanente 

■■TtkssTdx-s/i — X* perfe&e integrabili. Per theorema deinde 

habetur x ( = £- — ) = •===-, et per Integra- 

X+J X + Xdx y ^ J l 2 

tionem f « * T — ^ V C = - f ~~JL= , fi ponatur 

*- . .. _ ■ ■ + C = k et N bafi logarkhmorum hyperbolicorum, 

— _ N v-» - n-v-i n v- x + N-y- r _ » 



2*/ — I 



/~~ — nr 
et ^ igitur funt fun&iones ipfius x 9 quae fi ponantur Vi-X s 



f* in 

et A, habetur jy ( = J —LL^J = / -j^=^ i gequatio qua curvae 

internofcuntur. 

Si fit F = Y fun&ioni quantitatis y erit per Cor. 2. 

f ( ■ = I ) = - ~ 7 et integratione^ + log, C - log. v/7T^ 

ponatur fJ- t =zk et N logarkhmorum bafi, erit £16:0 ad "quan- 

titates abfolutas tranfitu CN^ = %/T^p\ p rr s/l^C^P 1 et x ( = 

JL — _i~~ ) = / -7^=^= aequatio quae lndolem curvae mdi- 

gitat. 

Si F = Z fun&ioni ipfius % erit -^ ( = '*)=: — _l£~ et integra-* 

tione /^ + log.C=: log, W ™> et fi /l)r = ^ et N ball logarithm 



,— C 2 N a * , /\ ;\ /^I-C^N 2 *./* 



mica habetur ^ = — - — -^ et jy; = j pd%) 




nn 



curvae cogiiofcuntur. 

" Vol. LXX1V. Rrr Genua 
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Conftat hinc quod quoties X+J*Xdx perfe£ta integratiotte 



abfi> 



7 ■Tgi.Wnmfr ^* ni * m 



abeatur / =^=s~ per arcus circulates dum — j= 

x+yx+x* vi-x 1 

lutam admlttat integratlonem curva fit algebraica, fi v ero aliter 
evenerit tranfcendens* 

Quoties ~ fit integrate logarithmicum et ~~*sn=J^ abfolu tara 

admittat integrationem curva eft algebraica* in allis caftbus 
tranfcendens. 

Et quoties / £? per logarithmos inveniatur, ~ — ~r- abfo* 
lute fit integrahilis pariter ac - —^ curva eft algebraica, alias 

x~J-C"N 

tranfcendens. 

Exempt* 1. Si fit variatio curvaturse T = ^J — Zl^LlJZ J L erit 




■inn «»iiiimin ■■■ m 1 1 ■» ■* . t ** S *" "'""'2I 1 / mi mi imniii 1 fi _ >«: ' ' ■ wi) _ „ w 11 " ' ■ ■"« 

a*-^.fl*-*'Vfl»-«»\ ftVfl*-** *W--* 2 *•«•*—* 



mar m n m miuhMi *■■"; 

2V 



tf£ « 



T<fe ( = __ J 

+ ^!2 / ;E? t fi ponatur 7- illiEZ habetur y+frdx 



a 5 x " & 



J 



'jtl — if ■ * JL, adhibendo theorema 7-^7^ — - ( 

dsc \ dp . • . 3 P tfibdx ^ 

-— • — J =s - -™r et mtegrando / — -== — ■ + C = 




A 



L=^, cujus termini funt arcus circulates quorum finus 



v 1— p* 

a^7~ZJ M bx 



. v / J '.-..^ =s _- == ^^-. et cofinus # = - , ^^-^ evanefcente 

arcu conftanti C, quare y ( = f-4===h ) = / ^TT^^ ) ~~- V **Tf£ 

*ft in hoc cafu curva eft ellipfis. 

4 ExetnpL 
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B%mpL %* Sit jam variaiio curvature Tss 2, 2 ** * erit 



/y WMM i mini 1 1 ■ ■ ^^ 

T^ = — +y ;^== et pofita y=J -^^ per- 

£e£h integratione habetur jy +J*Tdx ~ li^L-5p±i # Theore- 
matis itaque auxilio erit -~ ^ — f rr-~ — = — 7 ~4-r~ $ et 

integratione /*L~ a * — = g = C = ^ f-yJL*?, fi vero arcus ille 
£onftans C = o cseteri funt aequales eorumque finus et cofinus, 

sequatio indicans curvain effe catenarian*. 



THEOREMA III. 



Dicatur cofinus v anguli BCD q 9 pofito radio i, casterifquc 



munentibus denominationibus erit 



dy dq 



fTdy-x Vi_j* 






Eft enim — «= tf^, qua per v/ i — y* divifa, dat 



et ob 1 : 4/1 - y* :: CD (R) : CG = R \/i - £% fed dfeTr dy :: 
'T/fe : T*$/ cujus integrale eft AE=: f Tdy, imde CG (=: 

Tdy-x, qua pro R v^i ~f* fubftituta, prodit 

dy ^ d$ 

Cor. 1 . Semper Tdy ~~ dfc admittit perfe&am integrationem. 
tenim Tdy —_-JL——-£. et dx = -7: == , quibus T^ <- dx~ 

,!.- l zJL ~ ~tzz=> et integratione fTdy ~x — — l ""— * 

R r r 2 Cb/% 
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Cor. 2. Dicatur femichordai curvature CG G 9 habetur 

dy ^ dq dx qdq d% ^ dq 

G~~VT^t* G~~T~f Ql G"~T^f 9 

Cor. 3. Bicatur cotangens anguli BCD /, et cofecans v erit 



dy dt . dy dv 

— et ~ — — — 



MMMHHMMMI 



jTdy-.x *+* z J'Tdy-x v^y 2 -i 

SchoL 1 . Quoniam fTdy —x = X-Lz i daturex data relatione. 
inter jy et q 9 fit -iL__IZJL =* Y funftioiii ordinate/ eiitjTdjy — 
Y-tf fumtifque fluxionibus TJy — Ydy~Jx qua T^Y--^ 

funftioni ipfius- jy. Si autem ~ y— ^ = Q funftioni ipfius ^ 
eritjTdyzzQ~-x et fumtis fluxionibus *TJy — QJq~Jx 9 qua. 
habetur T= — — ~-jJL=- per #* 

SchoL z. Hujus theorematls atixilio elicere licet curvas data 
relatione inter T et jy 9 G et j/,. G et #, G.ets, et G et f . 

Si enim fit T fun&io ipfius y generalite^T^ = Y + [Ydy + A , 
quae, fundio eft. algebraica ipfius j; quQtiesy Y^-abfolute.fumi 
poffit. Aflumatur* — y YJy 9 tali ipfius y fundtioni ut non 

Mum fTdy ~x = Y + /Y + Ydy fed ethmfrdz^frdy 



\/ 1 - Y* abfoluta integratione habeantur, provenit vi theo« 

• dy / dy \ do 

rematis — — =d== (—.-~±- — ,) — —— t— - et integratione 

%^ + €= f ^ Pofita -~ ±- _ 

Y+/.Y + Y^+A ^ ^ I ~? i y+/Y+Y^ + A 

»4- f^ 1 a~ xt 1 r t • ■?.■• • 1ST V™*" 1 — ~ jq—- 'v— -I- — ._«««»„ 

r c =a /et JN bail logaritnmica ent £ =■ — — j— — et %/i — ^ 3 
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r: — — — _ — — quae fun&iones funt quantitatis y, quibus 
pofitis Y et sfT^I* prodit * ( = f Jj£L^) ^J U 



fgequa- 



Vi-f 
tio quae indolera curvarum indicat. 

Si G=X funaioni ipfius x erit per Cor. 2. ^ ( = ±) =J d L 






et integratione log* CN* ( = f d ^ + log, C) « log. . — 1=, fi /^ 

=/, exmdev'*-? = ^, ? = ~^r-etj,(=y *JL_I_X) 
=. / --• :. y -'-r.-r , quae curvae naturam indigitat.. 

Si G = Z fundioni ipfius x erit ~ ( = J) = A , et integra- 
tione log. erf ( =. £ + C).=log..^Lt£fiy£ = /,. un de f= :- 

j dz\/ - iq^-=zj J1___JL_ quibus curvae cognofcuntun- 

Patet hinc quod quando Y + /*Ycty algebraice habeatur 




- ■ « ■ - ■ rvPf*mi<3/iMhTMtr» nielli! ■ iaf- / * **/ 



t , r perquadraturam circuli, etV* IJL - etiam 

obtineatur algebraice, curvae evadunt algebraieae, . fecus vero 
tranfceridentes. . 

dx 



Quando y - vel / Ji obtineatur per logarithmos, et 

4 /^ M t/ :» vel tam / — — quam / — -. abfoluta ui^ 

fcjgration-e, curvae erunt algebraical .. 

Exempli 




• •# « 



Exempt i. Sit Index variation!? curvature T a -I mt rTdyzz 



+ A, fi quantitas ilia conftans Ar — quod evenit quum 



tf 2 



/"iWy = -* et y = o .; fumatur # r= ■?- erit vi theorematis -^12 



4> 




^ A «. : n «. an . M t.:^ nA /* ««<* ..n— /* ^? 



= ^ et integration^ -^ + 0=/ ^, 
■icujus aequationis termini quoniam fint areas circulares quorum 
firms p ^===f et cofinus %/i^q*^ ~p*~k> arcu co nftanti 

W + 4J 2 VV+4/ 

Cro, ^btinetur #( s= p-JJ— \ — 2. aquatic pro parabola Apol- 
ioniana* 

. 1 ,1 ■H ll j ll— <W» 

Exempt. 2. Si fit T = - — ^== g habetur yTffi ^z fJ—LZl 
x/a*"—y z + A, fi quantitas ilia conftans A=o quod evenit quum 

WP — . — — » 

fTdy~o et J=#, et affumatur #=/ ■ / ■■ - """"^ ■» evadit per 
theorema - ~^r ( s 7 - r JL~~A = — . I— et per integrationem 

.*- / «-^=4==L+Crr / -^™L^ quorum arcuum finus g'zz 



a —y *s * i-q 



u» i , w— wi n *! mm 



— ~ et cofinus \/ 1 -jf — - fi conftans ille C — o, atque inde 
*/# ( ;7%pt ) = >- ■ - ^-^ - qua patet curvam effe £ra£fcorlam* 



THEOREMA IV. 



Dicatur fumma tangentium angulorum HCD et BCD H, et 
differentia tangentium angulorum HCD et CKB K, retentis 

reliquis denominationibus erit «-—■ =■ - ~j£==r st -~- ~—/ q 



i-r 



Quoniam 
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uonram df zz-^L± L erit dy + Tdx s T + -*hJL±± ^ et quum 

H=T + -^=^r habetur dy + TdxzzHdx. Eodem modo qutim 

^ s -^f^ crit fTdy **dxzzT~* ~-J=^ dy, fed K tz T - ->L« y 



>fTdy-~xzz'Kdy. Per theorema igitut 2 et 3 provenit 




<fc ^ ^A ^ ^ — -■ d A^ 

5»' Vi~/ yKrfjF Vi-/ 



Cfer. Si fit ut antea tangens angirli BCD r^ cotangens /, fe< 



cans 4 et colecans *v 9 ent tt— = ——-7 —j-et 



/h^ ^+r a y H ^ ,*//■ 



■*- 



J — •*. et - r -^- — — — 



&M Ope hujus theorematis invenire licet curvas,. data rela- 
tione inter H et x atqueKetj. Itaque fit HrrX funftioni*' 

iofius x erit fUdxrz fXdx+-A 9 vl theorematis -~*L — . ( — 
JLS s - -i, , et integratione f~^L^ + C ~ ~ /*-#-: . 
Vofite P -?--*• — -+^=% et N Ibgarkhmorum-i bail prodlt 

J fXdx + A 

y/i ^-^=r- — _ t — tt p^z _~_ ^quibtis func- 




tlonibtis qMantitatis # pofitis Vl —X* et X provenit sequatio* 



1 



V f = /^~^^}';=-~^=^naturam cur^arum exprimens., 

Si K=Y funStionl qnantitatis y>. eademicalculandi? rationed 
habetur x (= f^-L^) -^1~ aequatio qua.curvaa cognof~ 

cuntur, 

Luanda) 



4po Methodus invenkndi Lineas Curvas 

QuandojX.dx veljYdj; abfoluta Integration^ / ~~~~ vei 



'■j'Ydy + h. P er re&ificationem circuli, et / — ^==f vel A- ¥& 



% 



* flLdx + A 

iqtcgratione perfe6ta oBtineantur, curva eft algebraica. 

jEW/- i. SifitH= fl 4^«k/H^?==^±p^ + A,etpo. 
fita A = o habetur per theorema =^1 ( ~~A-) ^ - ~~J—. 

.*+4#l/# J UdxJ V i-p z 

et per integrationem f ==££?- + 'Czz /L^^ cu j us termini 

quum lint arcus circulares quorum finus v^i — jFzr-T^L^ et 

cofinus * — —=^r , pofita C=o, obtinetuf 3; ( = P-ZJ=~) ~ Jax* 
quae parabolam Apolloniam exprimit. 

£^/. a. Sit H= -^=4 erii/a&^S^^E? + A 

.ax z Va~x z u ax ^ **» 

.etfi A = o, per theorema . ^_l xJx . ( = -*-W #» e t 

per mtegratione^^^== 2 + C = -/^ , et fi C = o, 

s/r=j*= ^f^t p =-?4=*. et v (- r~^)~ f-^~ 

sequatio pro curva finuum. 

Exempt. 3. Si fitKrr&Sl erit f\Uy=?±^Z±l + A 

fi A =r o habetu r per theorema - J l=^=- ( — — 1 ) = - d j_ et 

■«*+a)Vfl*+/^ .M4/ VV-7 



iutegratione A r =£f!U Sf = + C = - f-/$=, qua * = -7=^—-, 

.aequatio pro hyperbola aequtlatera. 

Exempl, 
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Exempt. 4. Sit K=— 4=1 erit fKdyzzA - </a*-f et fi 



W-/ 



A = o, per theorema - -j±-- ( =j4~) - —L^ et per Integra- 



-/vfe* c -fvk? ^ * 3 t ^ J ^ j * /l - * 



r~~x 



~ et d* f = -44— ^ ss JL. f — L quae Tra&oriam exprimit 



T H E O E E M A ¥. 



Defignetur produftum tangentium angulorum HCD et BCD 
per U, et angulorum HCDet CKB per V caeteris manentibus 

dx dp fc dy _ ^<7 

ent 7 =: -— et —— — =r-±. 

Jvdx-x P Y + /Vdy q 

Quoniam # = ;^=~~ et U = -^ erit T# { = -~*^) < 

Udx, et integrationey TWy = jUdx quajTdy - # -JUdx - #♦ 
Et quoniam dx^-^L^ et V~ ~ -r=L= erit Tdx (~~ qy ) =' 

' v 4>> fTdx zzfSdy et j; +/*Tdx ~y +fVdy. Theoremate 

v*. ^ dp . dy mm ^dq 

2. et q. prodit 7-- = - -f et j^~~-~-~~i + 

D r /\Jdx~~x p y+JVdy 9 

Con Si anguli BCD tangens, cotangens, &c. defignentur ut 
antea,habetur — ~ — = - *. g , ferr 558 ~ rrzF* & c » 

JUdx~x r .i +r y + jVdy «.I+* 7 

Schol. Per hoc theorema curvae inveniuntur ex data relatione 
inter U et x 9 atque inter V et/. Si enim fit U — X functioni 

ipfius x eritfUdx—fXdx + A, per theorema — — ~ ( = 

— ^ — \ = . _ J! f et per integrationem /* 7 ~ + log. C = 

JUdx—x/ P <J J Xdx~~ #+-A 

Vol. LXXIV. Sff log. 



aq % Met ho dm mveniendi Lineas Curvas 

loo:. ~ • Ponatur/^ ~ — -■= n. et N bafi logarithmica, erifc 

b p JfXdx~~x + h D 




*/* 



vA^N 2 * - 1 



=rr qua aequatione eurvarum indoles hinotefcit 



Si V=-Y function! i.pfi,us • jv eadem ealculandi ratione pro* 
mt x ( = / tt^^J """,/ ' '" /• Tf ^ 4 ua curvae cognolcuntur* 
Evidens hinc eft quod cpiotiesj Xdx vdjYdy algebraice 



/* £• * vel /- — ^ per l&garithmos, atque /— — ^— - 

ve l /* fZ_ Integratione abfoluta. obtineantur, curva eft 

J ^/i-c 2 n 2 * & ' > 

algebraica* 

Exempt . i . Si fit U = 3 txitjUdx = 3^ + A, fi vexoJ*\Jdx =* 

\ 

f. quando # = o erit A = - et / IMy ~ # ~ SZzf . Per theorema 
igitur -~ — ( = 7T- — J = — — et per mtegrationem 1op> 

5 *+4* v f\3Jx-x'. P * to 

1 



v^ + 4# + log.C==log. .- ", pofita j£~i dum # = olog. C — -] 

P 

log. ^/^ unde fa£to a logarithmis tranfitu - "t 4 * — ~ , qua/>=^ 

sequatio pro Parabola Apolloniana. 

ExempL 2, Sit U = ^~ erit fUdx = l -~ gt 4. A, fi autem 




r =-«> v3 



lW# = o et x — a\/2, erit A = o etfUdx^x^^^^^ Vi 
agitur theorematis ent -&--*( = 7— ) » ~ S , et mtegratione 
4 log f 






a*/ cC 



/J , t ill I I I I I IIIW— w» 
p ~~ ~ ) =s . . ■ aequatio ad cufvam quaefitam. 

ExempL 3. Si V— ~~ erit/ Viy = A — i , pofita jVdy^o 



et jk = o erit A = o et jy + j Vdy = - . Per theorema obtinetur 
*^( = — fL_W^i et pet integfationem log./ + log. C = 

log. ^, fi q=i et y = a erit log. C = - log. a % t unde ^ 



<2 



i M » u» _ „ 



•, - f = —-^L atque * ( = -^= ) = -^, curva ergo 

eft Elaftica, 

Exemph 4. Sit V = ^! etltfVdy = A - £±2? , fi /*Wy 

«/ * 

V^yr: ~_~L. The- 

■ w ■ 

orematis ope habetur - 4~^ (= —7 — -) = -i et ■ integrations 
log. — J— * z + log. C =5 log. f, ii 2 = i et jy =i o erit log. C = log, a 
et exinde q = -^^ , y/T=J^-^ et dx ( = ^ 



i~? 



f^ aequatio pro Logarithmic*, 



THEOREMA VI. 



Diqatur ED L, et AE M, retentis praeterea adhibitis deno- 

mmatiombus erit -— — ax et — = ay. 

Quoiiiam d% : dx ::Tdz (d~R) ; Tdx habetur dL=Tdx et 

Sffa <&> 
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f~**dx. Et quoniam d% x dy \\ Tdz(dR) % Tdy obtinetur dM 

zz*Tdyst— — dy. 

Cor. Quum Tdy~\Jdx et TdxzzVdy, erit fubftitutione 

dM j ^ dh j 

— zz ax et ~= ay. 

Schol Hoc adhibito theoremate inveniri pofliint curvae data 

relatione inter T et L 9 T et M, atque inter U et M et V et 1* 

1 
PonaturL — T fun&ioni quantitatis T habetur per theorema 

~r ( — -Tf^—dxet integrationey _ + C = x qua T per x datur* 

Curvae deinde per theorema 2. elici poflunt. 

Si M=T ipfius T fun&ioni, habetur eodem modo T perjy* 

Si M=U fun&ioni ipfius U, obtinetur U per x 9 et fi L ~ V fun&> 
tioni quantitatis V, datur Vperjy. Per theorema deinde j. et 
5. curvae inveniuntur. 

Evidens quidem eft quod curvae efle non poflunt algebraic^ 

. r /VL pdM pdM « f*dh , . , . , 

tiiii/ y9j "Y**/ -y vel / -y * obtmeantur mtegratione ab~ 
jfoluta. 

ExempL t. SI fit L = — - erit dh~ — ;r-~?et per hoc theorema 

54 *© 

-jg— (^y/^^ et integratione— +C = *quaT = — -T, fi 

C~o. Per theorema 2. reperitury = ^/ax 9 sequatio pro Para« 
bola Apolloniana, 

Exempt. 2. SifitM= - f-^1^ erit</M = - - a TfL - et 
ope theorematis -« -^HL~ ( = ~ ) = dy, et integratione -•■" . 

4-C = y, quafiCso, T=.~~^. Per theorema 3. habetur 



ex profrhtatlbm Variaf touts Curvatura, 495 

/fes . 2 -^-t -, aequatio pro Cycloide ordinaria. 

V a— 4y 

jtr 

Exempl. 3*SitL.= -a^/VcntdL= -j^y et per theorema 
- adv (~ d —) = dyet integratione — ,— + C = y, et fi C = o. ha- 

betur V=^ et deindeper theorema 5. </#=; - y - a ~ y , qua con- 

J w ■ 

flat curvam effe Tradoriam. 



THEOREMA VII. 

Dicatur tit antea CF F et CG G, et fumma tangentium an- - 
gulorum HCD et BCD, H, et differentia tangentium angulo- 

rum HCD et CKB, K, erit d l-dx et.^=<#. 

Quoniam dF (=dy + Tdx)-Hdx et dG (==fTdy -*) = 
Kjdy provenit - = dx et g- = dy . 

O. Quum Fa- - '"** et G = 2L ^ provenit division® • 

dV dp ni . n „ a dG_ dq 

— - atoue — — - ■■/— — ^ • 

SchoL Auxilio hujus theorematis inveniuntur curvae ex data 
relatione inter F et H, G et K, H .et/ atque K et q. Nam fi ; 

fit F=H funaionl -ipfius H, vel G=K funftioni • ipfius K 9 ha-. 

1 1 

betur per theorema 2— ( = _ J = dx et mtegrationey — + C = ». 

1 

qua H per.* datur. Eodem mode — ( = ~ ) = dy et Integra- 

tione :f~ + C=y qua K per y obtinetur. Theorema 4. ulte- 

rius propredienti viam mouftrat ad curvas mveniendas. 

r & Patet 




Metkodus invemendi Lmeas Curvm 

Patet quod ctirva non lit algebraica nifi J — veljr — obtifie- 
antur perfedta integratione. 

ExempL i. Si fit F=yA^ habetur per theorema - 

~ — 5* ( — ir) ^ ^ et integratione— ^L=^ + Cr: — * quaH — «~ 
, pofita C~o. Per theorema deinde 4* provenit^^: 



X 



V>- * 2 



v'V - # a sequatio pro circulo. 



Exempt. 2. Sit F~ gg- — — -, ent per theorema 



tf .H^-e + HVH*-^ .^H , rfF 



^T^Il^ ( * « ) = dx et integratione fada 

. - - , „ ,|.,|, l inn . m i - - — » — ••— *— ■ 

fl .H^6 + Hv-H--i2 + c _ ^ et pofita c __ Q habetur H = 

f^tllfL, unde per theorema 4. prodit y = ^/ax aequatio pro Para- 
bola Apolloniana. 

ExempL 3. Sit G~~ — ^" 1 ~~~- erit per theorema ~ (=3 

£?.- ) rr A, et integratione — 4- C =j, et fi C =r o K ~ ^ unde 
per theorema 4. dx~—, qua conftat curvam efle Logarithm 



micam. 



THEOREMA VIII. 



Dicatur ut antea produ£tum tangentium angulorum HCD 
et BCD U, et produ&um tangentium angulorum HCD et 

CKB V manentibus reliquis denominationibus erit fr^ =: dx et 



I -j- V 



Quoniam 
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Quoniam G = J^dy - x erit dG ~ Tdy ~-dx, fed Tdy = lL/#, 

tinde ^G = U — 1 aw et — — = dx. Eeodem modo quum F =» 

y + J*Tdx erit dF zz dy + Tdx, fed TdxziVdy quare */F=^ 
T+VdyctJLj^dy. 




C&r. Quoniam G = J —~!L et F == — ~^T^ > habetur fub^ 
ititutione debita - TT =s - ~~ et ~l-~^~ = — • 

G.U—i /> F 2 i-fV £ 

SchoL Ope hujus theorematis indagantuF curvas data relase 
tione inter G et U vel inter F et V, Nam ft fit G = U fun&ioni 
quantitatis U vel F =* V fun&ioni quantitatis V obtinetur per 

theorema in cafu prion ^— (~uTr?' * et mtegratione 

— — + C =: x 9 qua tJF per # habetur ; in pofteriori — — ( = — — ) 

\ t 
sz dy et Integratione J ^rr v + C =jy, qua V habetur per y.. Per 

theorema deinde 5. curvse cognofcuntur. 

Datur etiam per Cor. U in p, et V in q, et confequenter T 

In * vel 9* nam U ~ rp^=i et V = ~ JL == . . 

? 
Conftat hinc quod curvae non lint algebraical nifty ^^ vel 

/» 
-^p^ obtineantur integratione abfoluta. 

""" ■ » "" ■ " ■ ■ " TXT 

Exempl. i. SifitG = a>U "~ 3 erit per theorema 4== ( 
~~ — jss-dfc et integratione log* i -U + log«C^ — etft C~ 



2 



JO^« 
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2 St. 

- <_ a_-_i __«_ tames* m #S a* " 

i <a • i — U ^a? tf.i — U -~ « 2 — 2N* t^ 1 

log. _____ -a — et =— — ~~ =:• N* qua U-rr - — -«— "• Per theo- 

2* w ■>*' a. £? 



J* 



rfema deinde 5. habetur ^ =; -^— ^ qua conftat curvam eft Loga* 
rithmicam. 

Exempt. 2. Si fit T = ~ — ^ ^- erlt per theorema 

_____ ^ Try ) =dy et per integrationem -^J—jr qua 



■ — _." * ■ ■ • • * of- n/a<» f-T""n_»/"\i*__*v%^ #* St** wmm J y 



a z 



'V = — jr •; et per theorema 5. (& = iJ- — ? aequatio ad cur- 
vam cujus confkudio a quadratura hyperbolae dependet. 



THEOREMA IX, 



Suit LC et / <? dua? curv_e eandem habentes Evolutam QD, 
dicatur radiorum ofculi CD cD conftans differentia c:C b> curvse 
/ £ variatio curvature S, ceterifque ut antea manentibus erit 



R_£S Vi_/ 

Qupniam radius curvature DH evoluta. fit RT—R^^S 
erk g=ii = .7P 1 uas P er rfR ( = TA ) = - vB? multiplier, 



moftrat effe __ 



^R <//> 



L *# 



C?r. Si fiat ut antea tangens anguli BCD r et fecans s, .ha- 
betur ^ R - ^ r - ^ R ds 



pfc-„ i_.ni nwa i 



R~~£S i + r* R~/>$ S\/S z 



1 



SchoL Subfidio hujus theorematis invenlre licet curvas, data 
relatione inter S et R vel inter S et T nam % = -— , Itaque fi 

a R— b * 

ponatur 
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pon&tur S =: R fun&ioni radii curvedinisR* erit =r~ ( = ==- 

R~£R K ~"^ 

.= --7—2*., et integratione /*«==?-; + C=: — / -JL*. Sit 

jT^J^j + C rr / et N logarithmorum bafi habetur %/T^f =2 

' R-*R 

— r- — et ^ = — •—■ funchombus quantitatis 

R, quibus R per /> exprimi poteft. Per theorema igitur u 
curvas internofcere valemus. 

SiR = S fun&ioni quantitatis S habetur ===— (: 



St q XV — V b 

mm* p Q 



= - •■ p = , et integratione f*£L- + C= - /*;JL__ , pofita 

quibus S per p datur. Per theoremata Partis I. invenire licet* 
curvas omnes eandem evolutam habetites. 

Hinc videtur, quod curvas nori fint algebraicae nifty ; 



R*-*0 R 



«*s 



vel r ■ per circuli re&ificationem obtineatur, 
J k-bs 



S-3S 

2R 



Exempt. 1. Si fit S= ^ -^ fuppofita 6 =2 a, erit per 

theorema ^^ ( = -^5-^ = —£=? et integration© 

f-J?^JL + c = - / *- j£ , fx vero arcus ill© conftans C = o 

«/ 2RVR-a J Vi-P 

erit v/i _^ = l^zf q U a R = tf/>\ et per Cor. 1. Theor. n ha- 
betur dy^~UL*.j asquatio pro Catenaria. 

Voi>* LXXIV. Ttt Exempt, 
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Methodus inveniendi Lineas Curvas, &c» 



ExempL 2* Sit S = — ~ , , pofita J> ~ JL erit per theorem* 

-^ et fafta integratibne — /^rWs+'G 



■ .... 1 ' ■W |i " *« i » g . V 

* ** • " ' ■ 'I'll m MM I d lllliil W Vl l I '■ I I )H II H. I JLJ1.JJ 1 



Vi-p- 



-f-R 



4. 



'f^T^?' qua fl C ~ ' habetur v/i ""^ =: v^^ et R 

(pa con Hat curyam 



t—l^L. Per theorema 1* dx 
P 

jfefle Tra£toriam* 



dyVcf—y 



9 
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